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Abstract 

The goal of this study is to provide a new contraction mapping in b-metric space. We build a fixed point 

result for this new contraction mapping; we also provide applications related to authenticity concerns in 

integral equations. 
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1. Introduction 

One of the most important theorems and helpful 

tools in the investigation of metric spaces is 

Banach’s contraction principle. Different fixed-point 

theorems have been established in these spaces and 

several generalizations of the idea of metric space 

have been built, (see [4], [8], [12], [13]). In 

particular, the b-metric spaces were introduced by 

Bakhtin [2] and Czerwik [6] so that the triangle 

inequality was replaced by the b-triangle inequality. 

A b-metric space is not always a metric space, but 

any metric space is also a b-metric space. Numerous 

fixed-point results have been found on these spaces 

(see [7], [14], [15]). In a novel class of contraction 

mappings called  −contraction (or JS-contraction) 

introduced by Jleli and Samet [7] in 2014, they 

showed a fixed point result in generalized metric 

spaces. In this direction, several fixed point 

theorems have been created, investigated, and 

generalised in a variety of conditions (see [9]–[11]). 

Most recently, Rossafi et al. [5] developed a new 

concept of “   −contraction” and some fixed 

point discovering for these mappings in metric space 

and generalized the conclusions obtained by Zheng 

et al [16]. In this paper, we demonstrate the fixed-

point theorem in b-metric space and introduce a 

novel concept known as generalized 

contraction. The results of this study develop the 

corresponding findings in b−metric space from 

Kannan [8], Reich [13], and Rossafi [15]. As an 

application, we discuss the existence and 

uniqueness of a solution to the nonlinear 

Fredholm integral equations [1-3]. 

2. Preliminaries 

In this section, we recall some definitions and 

Lemmas associated with our work. 

Definition 2.1. [6]. Let S be a non-empty set. A 

mapping ),0[: SSdb  is said to be a b-

metric, if there exists b ≥ 1 such that db satisfies 

the following conditions: 

1. ,0),( tsdb  if and only if ,ts   

2. ),,),( stdtsd bb   

3. )],,(),([),( trdrsdbtsd bbb   

For all .,, Srts   The pair is called a b-metric 

space. 

The following Lemmas will be used to establish 

our result. 

Lemma 2.2. [1] Let (S, d) be b- metric space and 
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suppose that rrn   and ssn   as n  with 

rrsr n  ,  and ,, nssn   then we have 

),(suplim),(inflim),(
1

2 nn
n

nn
n

srdsrdsrd
b 


 

).,(2 srdb  

In particular, if ,sr   then we have 

.0),(lim 


nn
n

srd  Moreover for each St  we have 

),(),(suplim),(inflim),(
1

trbdtrdtrdtrd
b

n
n

n
n




 

For all .Sr  

Lemma 2.3. [14] Let ),( dS  be b-metric space and 

let }{ nr  be a sequence in S such that 

.0),(lim 1 


nn
n

rrd  

If }{ nr  is not a b-Cauchy sequence, then there exist 

0  and two sequences }{ km  and }{ kn  of positive 

integers such that 

),(suplim),(inflim )()()()( knkm
k

knkm
k

rrdrrd



 

, b  

),(suplim),(inflim 1)()(1)()( 





 kmkn
k

kmkn
k

rrdrrd
 
, b  

),(suplim),(inflim 1)()(1)()( 





 knkm
k

knkm
k

rrdrrd
 
, b  

),(suplim),(inflim 1)(1)(1)(1)( 








knkm
k

knkm
k

rrdrrd
b  

.2  b  

 

Definition 2.4. [7] Let   be the family of all 

functions ),1(),0(:   such that  )( 1  is 

increasing, )( 2  for each sequence );,0(}{ nr  

0lim 


n
n

r  if and only if ;1)(lim 


n
n

r   )( 3  is 

continuous. 

Definition 2.5. [7] Let   be the family of all 

functions ),1[),1[:   such that  )( 1  is 

nondecreasing, )( 2  for each );,1( t  

;1)(lim 


tn

n
   )( 3  is continuous. 

Lemma 2.6. [7] If ,  then 1)1(   and 

).,1()(  ttt  

Definition 2.7. [15] Let ),( dS  be a b-metric 

space with parameter 1b  and SST :  be a 

mapping then 

1. T is said to be a  contraction if there 

exist   and )1,0(t  and ]1,0[a  

such that 

,)],([)],([0),( 3 tsrMTsTrdbTsTrd    

 
where 

),,(),,(),,(max{),( TssdTrrdsrdsrM 
 

}.
2

),(),(
2b

sTrdTsrd 
 

2. T is said to be a  contraction if there exist 

  and   such that 

))],,(([)],([0),( 3 srMTsTrdbTsTrd    

where 

),,(),,(),,(max{),( TssdTrrdsrdasrM 
 

}.
2

),(),(
2b

sTrdTsrd 
 

3. Main Results 

In this section we introduce Gregus type 

contraction in b-metric space and establish fixed 

point result for such contraction. Now, we present 

our result for an Gregus type contraction in a 

complete b-metric space endowed with an 

example: 

Definition 3.1. Let ),( dS  be a b-metric space 

with parameter 1b  and SST :  be a 

mapping. T is said to be a Gregus type 

contraction if there exist   and   and 

]1,0[a  such that 

))],,(([)],([0),( 3 srMTsTrdbTsTrd    

  

(3.1) 

where 

),,(),,(),,(max{),( TssdTrrdsrdasrM 
 

).,()1(}
2

),(),(
2

srda
b

sTrdTsrd
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Example 1. Let ).,1[ S  Define 

),0[: SSd  by .||),( 2srsrd   Then 

),( dS  is a b-metric space with coefficient .2b  

Define a mapping SST :  by .)( 8

1

rrT   

Evidently, .)( SrT   Let .)(,)( 2

1



r

r erer   It is 

obvious that   and .  

Theorem 3.2. Let ),( dS  be a complete b-metric 

space with 1b  and SST :  be a Gregus type 

 contraction then T has a unique fixed point. 

Proof. Take an arbitrary point Sr 0  and define a 

sequence }{ nr  by 

,0

1

1 rTTrr n

nn



   

for all .Nn  If there exist Nn 0  such that 

0),(
10


nn rrd  then the proof is completed. Suppose 

that 0),(
100


nn rrd  for all .Nn  Letting 1 nrr  

and nrs   in (3.1), we have 

))],,(([)],([)],([ 11

3

1 nnnnnn rrMrrdbrrd     
,Nn    (3.2) 

Where 

),,(),,(),,(max{),( 1111   nnnnnnnn rrdrrdrrdarrM

),()1(}
2

),(),(
13

11
nn

nnnn rrda
b

rrdrrd


 


 









 
 2

11
11

2

,(
),,(),,(max

b

rrd
rrdrrda nn

nnnn

 

).,()1( 1 nn rrda   

Since 

))],(),(([
2

1
),(

2

1
112112   nnnnnn rrdrrdb

b
rrd

b
 

)),(),((
2

1
11   nnnn rrdrrd

b
 

)),(),((
2

1
11   nnnn rrdrrd  

)},,(),,(max{ 11  nnnn rrdrrd  

We obtain 

)},(),,(max{),( 111   nnnnnn rrdrrdarrM  
).,()1( 1 nn rrda   

If ),,()1(),(),( 111 nnnnnn rrdarrdarrM    

then by (3.2), we have 

)}],()1()),(({[)),(( 111 nnnnnn rrdarrdarrd     

)),,(( 1 nn rrad  

which is a contradiction. Hence 

).,(),( 11 nnnn rrdrrM    Thus 

))].,(([)),(( 11 nnnn rrdrrd       (3.3) 

Repeating this step, we conclude that 

))],(([))],(([)),(( 12

2

11   nnnnnn rrdrrdrrd   
))].,(([... 10 rrdn   

From (3.3) and using )( 1  we get 

).,(),( 11 nnnn rrdrrd    

Therefore, Nnnn rrd  ),( 1  is a monotone strictly 

decreasing sequence of nonnegative real numbers. 

Consequently, there exists 0  such that 

.),(lim 1 


nn
n

rrd  

Now, we claim that .0  Assume that .0  

Since Nnnn rrd  ),( 1  is a nonnegative decreasing 

sequence, we have 

.,),( 1 Nnrrd nn    

By the property of ,  we get 

)),(()),(()(1 101 rrdrrd n

nn     

 )).,((... 10 rrdn    (3.4) 

Letting ,n  we obtain 

.1)),((lim)(1 10 


rrdn

n
  

This is contradiction. Therefore, 

.0),(lim 1 


nn
n

rrd    (3.5) 

Next, we shall prove that Nnnr }{  is a Cauchy 

sequence, i.e., .0),(lim
,




mn
mn

rrd  By Lemma 2.3, 

there is an 0  such that for an integer k there 

exist two sequences }{ )(kn  and }{ )(km  such that 

1. ),(inflim )()( knkm
k

rrd


  




brrd knkm
k

),(lim )()(  

2. ),(inflim 1)()( 





knkm
k

rrd
b
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2

1)()( ),(suplim brrd knkm
k

 

3. ),(inflim )(1)( knkm
k

rrd
b







 

 


2

)(1)( ),(suplim brrd knkm
k

 

4. ),(inflim 1)(1)(2 





knkm
k

rrd
b

 

.),(suplim 3

1)(1)(  


brrd knkm
k

 

From (3.1) and by setting )(kmrr   and ,)(knrs   we 

have 

),,(max{),( )()()()( knkmknkm rrdrrM 
 

),,(),,( 1)()(1)()(  knknkmkm rrdrrd  

))}.,(),((
2

1
1)()(1)()(2   knkmkmkn rrdrrd

b
 

Taking the limit as k  and using (3.5) and 

Lemma 2.3, we have 

),,(max{lim),(lim )()()()( knkm
k

knkm
k

rrdrrM



 

),,(),,( 1)()(1)()(  knknkmkm rrdrrd  

))},(),((
2

1
1)()(1)()(2   knkmkmkn rrdrrd

b
 

.)(
2

1
,0,0,max 22

2










 bbb
b

b  

So, we have 

.),(lim )()( 


brrM knkm
k

   (3.6) 

Now, letting )(kmrr   and )(knrs   in (3.1), we 

obtain 

))].,(([)],([ )()(1)(1)(

3

knkmknkm rrMrrdb    

Letting k  in the above inequality, applying the 

continuity of   and using (3.6), we obtain 

 ),(lim)( 1)(1)(

33

2 









 
knkm

k
rrdbbb

b
  

  .,(lim )()( knkm
k

rrM


   

Therefore, 

).()]([)(  bbb   

Since   is increasing, we get ,bb  which is a 

contradiction. Thus 

.0),(lim )()(
,




knkm
mn

rrd  

Hence }{ nr  is a Cauchy sequence in S. By 

completeness of ),,( dS  there exists Sw  such 

that 

.0),(lim 


wrd n
n

 

Now, we show that .0),( wTwd  Assume that 

.0),( wTwd  Since wrn   as ,n  from 

Lemma 2.3, we conclude that 

).,(),(suplim),(
1 2

2
TwwdbTwTrdTwwd

b
n

n



 

Now, letting nrr   and ws   in (3.3), we have 

,))],,(([)),(( 3 NnwrMTwTrdb nn    

Where  

),,(),,(),,(max{),( TwwdTrrdwrdawrM nnnn 
 

).,()1())},(),((
1

2
wrdaTwrdTrwd

b
nnn   

Taking the limit as ,n  we have 

),,(max{suplim),(suplim wrdwrM n
n

n
n 


 

))},(),((
1

),,(),,(
2

TwrdTrwd
b

TwwdTrrd nnnn   

).,( Twwd  

Therefore, 

 ),,(max{)),(( 3 wrdaTwTrdb nn    
),,(),,( TwwdTrrd nn  

.))},()1(),(),((
2

1
2 








 wrdaTwrdTrwd

b
nnn   

(3.7) 

Taking n  in (3.7) and using the properties 

of   and ,  we obtain 

)),((),(
1

2

3 TwwbdTwwd
b

b  







 

 ),(lim3 TwTrdb n
n 

  

)).,(())],(([ TwwdTwwd    

By ),( 1  we get 

).,(),( TwwdTwwbd   

This implies that 

0),()1(  Twwdb  
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which shows ,1b  a contradiction. Hence .wTw   

Now, suppose that Swu ,  are two fixed points of 

T such that .wu   Then we have 

.0),(),(  TuTwduwd  

Letting wr   and uy   in (3.1), we have 

)),(()),(()),(( 3 TwTudbTwTuduwd    
))],,(([ uwM  

Where 

),,(),,(),,(max{),( TuudTwwduwdauwM 
 

),()1())},(),((
1

2
uwdaTuwdTwud

b
  

).,( uwd  

Therefore, we have 

)),,(())],(([)),(( uwduwduwd    

which implies that 

),,(),( uwduwd   

a contradiction. Therefore .wu   

Corollary 3.1. In particular if ,1a  we get 

Theorem 3.5 of Rossafi et al.[15]. 

Example 2. Let ,BAS   where  NnpA n   |1  

and 













5

1
,0p  and }.0{B  Define 

),0[: SSd  by .||),( 2srsrd   Then 

),( dS  is a b−metric space with coefficient .2b  

Define a mapping SST :  by 
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Then .)( SrT   Let .
2

1
)(,1)(




t
ttt   It is 

obvious that   and   is Gregus type    

contraction. Consider the following possibilities: 

Case: 1 Let 11,   mn pspr  for .1 nm  Then 

.)(),( 2)1()1(   mnnn ppTsTrd  

So 
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2
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pp mnnn

 

On the other hand 
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1
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,0)(,)( )1(   sTprT nn  then .)(),( 2npTsTrd   
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2
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As a result, condition (3.1) is achieved. Hence T 

has an unique fixed point at .1z  

The following Figure(1) is graph of )(rT  for 

different values of .
5

1
,0 








p  We see that in 
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these graph unique fixed point at .1r  

 
Figure 1 Graphical representation of the function 

)(rT  

4. Application 

In this section, as an application of Theorem 3.2, we 

present the following result which provides a unique 

solution to nonlinear integral equations of Fredholm 

type: 


q

p
dxxrxyKyr ,))(,,()(     (4.1) 

Where )],,([,, RqpCrRqp   and a continuous 

function RRqpK 2],[:  is given. 

Theorem 4.1. Assume that the kernel function K 

satisfies the condition: 

|))(,,())(,,(| xsxyKxrxyK 
 

],[,|))()((|
1

2
qpyxxsxr

b
  and Rsr ,  

and consider the nonlinear integral equation problem 

(4.1). Then for some constant   based on the 

constant b, the equation (4.1) has a unique solution 

]).,([ qpCr  

Proof. Let XXT :  be defined by 

 
q

p
XrdxxrxyKyTr ,,))(,,()(   where 

]).,([ qpCX   Let ),0[: XXd  be given by 

.,|))(||)(|(max),( 2

],[ Xsrysyrsrd qpy    

It is evident that ),( dX  forms a complete b-metric 

space. To solve the integral equation (4.1), we need 

to find the condition on   under which the operator 

has a unique fixed point. Assume that Xsr ,  and 

].,[, qpyx   Then we have 

dxxrxyKyTsyTr
q

p
))(,,((||||)()(| 22

 
 


q

p
dxxsxyK 2|)))(,,(  

 
q

p
dxxsxyKxrxyK 22 |)))(,,())(,,((|||   

 
q

p
dxxsxyKxrxyK 22 |)))(,,())(,,((|||   

 
q

p
dxxsxr

b

2

2

2 )|))()((|
1

(||   

 
q

p
dxxsxr

b

2

4

2 ]|))(||)((|[
1

||   

 
q

p
dxxsxr

b
.]|))(||)((|[

1
|| 2

4

2  

This shows that 

)|)()((|max 2

],[ yTsyTrqpy 
 

  

q

p
qpy dxxsxyKxrxyK 22

],[ ])))(,,())(,,((|||max   

  

q

p
qpy dxxsxr

b

2

2

2

],[ )|))()((|
1

(||max   

  

q

p
qpy drysyr

b
.)|))()((|((max

1
|| 2

],[4

2  

Since, 0),( TsTrd  and ,0),( srsrd   we 

can take natural Log both sides and obtain 

)],(log[ 3 TsTrdb
 
  

q

p
qpy dxxsxyKxrxyKb ]|)))(,,())(,,((|max||log[ 2

],[

23   

  

q

p
qpy drysyr

b
])|))()((|(max)

||
log[( 2

],[

2
 

  

q

p

b
qpy drysyr ,}])|))()((|(max[log{

2)
||

(
2

],[



 

assuming that ,|| b  this shows that 

)],(log[ 3 TsTrdb
 

  

q

p
qpy drysyr .}])|))()((|(max[log{ 2

],[

  

Hence 

)),,(()),(()),(( 3 srdFsrdTsTrdbF   

Xsr  ,  with  xxxx  )(),log()(  and 

.)
||

( 2

b


   Thus T holds the condition (3.1). 

Therefore, the nonlinear Fredholm integral (4.1) 

has a unique solution. 
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